This paper explores the asset-price implications in economies where there is no direct insurance against idiosyncratic risks but there are other assets-such as a riskfree bond or equity-that can be used for self-insurance, subject to exogenously imposed borrowing limits. We analyze an economy without productionan endowment economy-and we consider both the case with no aggregate risk and the case with aggregate risk. Thus, we analyze the economy originally studied, in the case without aggregate risk, in Huggett (1993) . Our main innovation is that, by studying the case with "maximally tight" borrowing constraints, we can obtain full analytical tractability. Thus, like in Lucas's seminal asset-pricing paper, we obtain closed forms for all state-contingent claims, allowing us to study the price determination for all assets with payoffs contingent on aggregate events. In the Huggett economy, like in Lucas's, any asset pricing is obtained using a first-order condition, but in the Huggett economy only a subset of the consumers will typically have first-order constraints holding with equality-the others are borrowing-constrained. Thus, the analysis centers around who prices the assets, and around what the endowment risks of this agent are; in the Lucas economy, only the aggregate endowment risk matters. Moreover, identity/type of the consumer pricing an asset may change over time. We specifically illustrate by looking at riskless bonds, equity, and the term structure of interest rates.
Introduction
Are some of the striking features of asset prices-in particular, the high premium for risk in asset markets and the low return on risk-free assets-a result of market incompleteness and, in particular, of missing markets for consumers' idiosyncratic risks?
This possibility was raised in the concluding remarks of the seminal paper by Mehra and Prescott (1985) , and it was subsequently investigated by many researchers, among them Mankiw (1986) , Lucas (1992, 1996) , Huggett (1993) , Telmer (1993) , Lucas (1994) , den Haan (1996) , Constantinides and Duffie (1996) , Krusell and Smith (1997) , Marcet and Singleton (1999) , Storesletten, Telmer, and Yaron (2007) . Some of these analyses suggest that the effects of market incompleteness can be quantitatively important-e.g., the work by Constantinides and Duffie and by Storesletten, Telmer, and Yaron-but the "average view" in this literature is probably closer to concluding that no major aspects of asset prices are overturned if market incompleteness is taken into account. In fact, a recent study by Krueger and Lustig (2007) demonstrates that in a range of interesting cases, risk premia will not be affected at all by market incompleteness, even though the risk-free rate might.
A general challenge in this literature has been that multiperiod equilibrium models where agents are faced with less than fully insurable idiosyncratic risks are hard to analyze, even with the aid of numerical methods. The present paper explores Huggett's setting and manages to obtain closed-form solutions for asset prices in a special, but illuminating, case, namely the case where the borrowing constraints are "maximally tight." This case is of particular interest, because the tighter is the borrowing constraint, the more "bite" will the market incompleteness have in terms of producing asset prices that are different than those obtaining in the standard representative-agent model. One could thus view our present setting as one that allows us to examine the potential of incomplete-markets settings for explaining asset prices. We demonstrate how the different primitives of the model-the discount rate, the preference curvature, and the endowment process-influence prices. In particular, we show that the model allows a very rich set of asset-price predictions, including large equity premia, a low risk-free rate, and a yield curve that is qualitatively different than in the standard model. The Huggett economy is the simplest form of endowment economy. In Huggett's (1993) paper, only a riskless asset is available to agents, who are thus using this asset for precautionary saving against endowment shocks. There is no aggregate risk: the aggregate endowment is constant over time. Huggett shows, using numerical analysis, that with high curvature in utility and a tight enough borrowing constraint, the riskfree rate can be significantly below the discount rate: agents value the riskless asset not only for its direct return but for its value as an insurance instrument. Our analytical power comes from the insight that if the borrowing constraint is maximally tight, implying that no borrowing at all is possible, the equilibrium has to be autarky. In autarky, the bond price will have to be equal to that of the agent in the population who values the bond the most: all other consumers would like to hold a negative amount of bonds (but cannot), and the bond-pricing consumer is just indifferent at zero bond holdings. In very simple settings with a two-state endowment process, which we spend most of the paper analyzing, it is obvious who values the bond the most-it is the consumer with the high endowment-but for general endowment processes it is not obvious.
Moreover, in a Huggett economy with aggregate risk (like that studied by den Haan), we can similarly look at the case with maximally tight borrowing constraints by assuming that for every asset contingent on the aggregate state, no negative holding is allowed, again implying that equilibrium is autarky and that each state-contingent asset is priced by the agent in the population who values it the most. Thus, overall, asset prices in our Huggett economy are determined in the same manner as are those in Lucas's (1978) exchange economy-so that all markets for contingent claims clear at zero-although here only one type of consumer has an interior asset demand for each asset, whereas in Lucas's setting all agents (i.e., the representative agent) have interior solutions for all assets. We thus derive explicit, easy-to-interpret formulas for all claims contingent on aggregate shocks, and thus any assets with payoffs contingent on aggregate shocks can be priced. As an illustration, we show how to derive predictions for the term structure of interest rates; as in Lucas's work, these are easily priced using the contingent-claims prices. Few existing studies in this literature manage to look at a very rich set of assets, since the numerical analysis of portfolio choice of models with incomplete markets with aggregate risk is quite challenging. A case of special interest is that where the long-term bonds are not fully liquid; for illustration we analyze the case where the secondary markets are absent. For this economy we show that, even in the absence of aggregate risk, there is a non-trivial yield curve, and this yield curve is upward-sloping under a reasonable calibration.
Other studies before ours manage to characterize equilibria analytically in specific incomplete-markets settings. Krueger and Lustig are able to characterize risk premia by assuming a form of independence between idiosyncratic and aggregate shocks; Constantinides and Duffie, on the other hand, use a setting with literally permanent shocks and are able to characterize prices that way (since autarky is an equilibrium in that case as well). Krueger and Lustig's results apply in a special case of our setting, if we make the appropriate independence assumptions. Constantinides and Duffie's results are not obtained in our setting, because we model endowment shocks using stationary Markov chains, but nothing prevents an extension of our setting to such cases. We emphasize stationary processes not only because some argue that this is more realistic, but because it allows us to show explicitly how the degree of persistence in individual endowments influence asset prices.
Our model allows very general preference and endowment settings; we discuss extensions in the final section of our paper. We begin the analysis in the paper in Section 2 with the simplest case: the revisiting of Huggett's analysis without aggregate uncertainty, obtaining an analytical solution for the price of the riskless bond. We then look at aggregate uncertainty in Section 3; we model aggregate uncertainty by maintaining the values of the endowment states from the model without aggregate uncertainty and simply making the probability structure allow a larger or smaller fraction of consumers to be lucky at different points in time. For simplicity, throughout both these chapters we restrict attention to the case with only two possible states for the individual endowment. In Section 4 we look at more than two states, which is a case of interest because it is then less clear who will price each asset. Section 5 concludes.
The economy without aggregate uncertainty
In this section, we analyze the model of Huggett (1993) . Consider an exchange economy where each consumer receives a random nondurable endowment every period. There is a continuum of consumers with total population of one. In this section, we focus on the steady state where the aggregate variables are constant and the distribution of the individual states is stationary. In this and the following section, we assume that the endowment follows a two-point process. In Section 4, we extend our analysis to a setting where there are more than two possible values of the endowment.
Model
The consumers cannot write contracts that depends on individual idiosyncratic states.
Instead, they are allowed to borrow and lend through selling and buying bonds. The bond holding is denoted by a and the price of a bond that delivers one unit of consumption good next period is denoted by q.
A consumer maximizes the expected present-value of utility:
where u(·) is the momentary utility function, c t is the consumption at period t, and β ∈ (0, 1). Following Huggett (1993), we consider the specification
where σ > 1.
Using recursive notation (a " " denotes next period's value),
where is the random endowment. We let take on two values, and h , where < h .
It follows a Markov process with transition probability Pr[ = s | = s ] = π ss . We impose a borrowing constraint
where a ≤ 0 is a given constant.
The consumer's Bellman equation is
Here, V s (a) is the value function of a consumer with the endowment s and the bond holding a. Let the decision rule of the consumer be a = ψ(a; s).
The stationary equilibrium is defined by the consumer's optimization and the value of q, where
and where µ s (a) is the stationary distribution of asset holdings for the consumers with endowment s .
In the following, we consider the special case of a = 0. The implication of this assumption is that, since nobody can borrow and (1) has to hold, nobody can save in equilibrium: ψ(0; s) = 0 for all s. One does not need to characterize ψ(a; s) for other values of a, since the stationary distribution over a has all its mass on 0 in this special case. Thus, in equilibrium, for each s, consumption equals s for all agents in state s.
Assets in positive demand
Note that above, as in Huggett (1993), we assume that there is no asset that is in positive net supply. In this section we show that this assumption can easily be relaxed.
Suppose that there is an asset, called a "tree," that generates a constant amount η every period.
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Let the price of the tree be p and the individual holding of the tree be x. Then the individual consumer's problem becomes
In equilibrium, the bond and the tree have to generate the same return, so (p + η)/p = 1/q. Therefore, q = p/(η + p) holds. Using this, the budget constraint can be rewritten
Letâ ≡ a/(η + p) + x. Then the problem can be rewritten as
Now, suppose that the borrowing constraint isâ ≥ 1, i.e., we use a borrowing constraint on total wealth rather than on the holdings of individual assets. Below, we will show that the equilibrium is thatâ = 1 for everyone. One allocation that achieves this is a = 0 and x = 1 for everyone-that is, no one holds bonds and everyone owns the same amount of the tree. Other asset holding patterns are also possible-some can hold a < 0 and x > 1 while others can have a > 0 and x < 1. The only requirements for an equilibrium are thatâ = 1 for everyone, a sums up to zero, and x sums up to one.
To show thatâ = 1 for everyone is the only equilibrium, defineã ≡ p(â − 1)/q and
which is identical to the original problem. Therefore, the equilibrium is autarky:ã = 0 and c =˜ s .ã = 0 impliesâ = 1. As long as the borrowing constraint is set at an appropriate level, we can transform an economy where there are assets in positive net supply into an economy with a bond in zero net supply. Thus, the borrowing constraint here means that agents have to have at least a certain (positive) amount of the asset.
We do not suggest that such an assumption is reasonable per se. Rather, the approach in this paper throughout is to derive asset prices in incomplete-markets economies for the case where the borrowing constraint is "maximally tight", and we have just seen that, when the asset is in positive net supply, the maximally tight constraint is positive, so that any given borrowing constraint is less constraining than in the case where the asset is in zero net supply. Thus, we can use the results in this paper, even when the assets are in positive net supply, as "upper bounds" for how different asset prices can be in the incomplete-markets economy than in a representative-agent economy. The analysis in the present section then simply suggests that we may be further from these upper bounds (and thus closer to representative-agent asset pricing) when the assets are in positive net supply, to the extent we think that the borrowing constraints on such assets are similar to those on assets in zero net supply.
Determination of the equilibrium bond price
In this section, we characterize the equilibrium bond price. Let λ s ≥ 0 be the Lagrange multiplier for the borrowing constraint when = s .
The first-order conditions for the consumers are
for s = h, . Here, c s is the optimal c when = s . V s (a) is the derivative of V s (a) with respect to a. The envelope condition is
Noting that c s = s in equilibrium, (2) can be rewritten as
and
Since the right-hand side of (3) is larger than one and the right-hand side of (4) is less than one,
follows. Therefore, λ > 0 and the borrowing constraint is always binding for the consumers with s = . Thus, it is sufficient for an equilibrium that λ h ≥ 0 is satisfied.
From (3), we can characterize the bond price q as follows.
Proposition 1 The bond price q satisfies
Any bond price q that satisfies (5) is consistent with the consumers' optimization and the bond-market equilibrium (1), and thus constitutes an equilibrium. Note that the right-hand side of (5) is always strictly larger than β, so the risk-free rate is always strictly less than 1/β − 1.
The lower-bound of the equilibrium bond prices, q * , is of particular interest since it is the limit of the equilibrium bond prices when a approaches zero from below. 
Below,
we assume that q is equal to q * , and characterize q * .
2 This can be proved as follows. If q converges to a value below q * , then in the neighborhood of this converged value, there is a strictly positive bond demand from the high-endowment agent, while the supply of the bond is close to zero because of the borrowing constraint, and therefore the bond market cannot be in equilibrium. If q converges to a value above q * , then in the neighborhood of this value there is a strictly negative aggregate bond demand, which implies that everyone becomes borrowing-constrained, again contradicting bond-market equilibrium.
Comparative statics
Equation (5) shows that q * can be characterized by the marginal utility of the highendowment consumers. It also shows the role of various parameters in determining the equilibrium bond price. q * is increasing in β, σ, and h / . It is decreasing in π hh :
when the high-endowment state is permanent, there is less of a precautionary-saving motive and q * becomes small.
In the context of Huggett (1993) , this expression clarifies the role of σ in determining the precautionary-saving motive. This mechanism helps solve the risk-free rate puzzle by Weil (1989) ; here, a high σ is consistent with a low risk-free rate. To see this, suppose that the endowment grows over time: let the endowment be (1 + g) t , where has the same properties as before. Then, the equilibrium price of the bond becomes (1+g)
where q * corresponds to the price in the absence of growth. In the complete-markets model, q * would equal β, and therefore a positive g and a large value of σ imply a very low bond price. Thus, since the risk-free rate is the inverse of the bond price, when we consider a growing economy, the complete-markets risk-free rate would be very large, contradicting observation (this is the risk-free rate puzzle). In the current model, however, the precautionary-saving motive increases the bond price, and this can offset the effect of growth. In the incomplete-markets case, q * is increasing in σ. Thus, with growth, the bond price can either be increasing or decreasing in σ in the incomplete-markets model. Figure 1 plots the equilibrium bond prices for various values of σ, when β = 0.98, g = 0.01, π hh = 0.9, and h / = 1.08, illustrating that the riskfree rate is increasing in σ for low σ and decreasing in σ for higher σ. 
A note on transactions costs in "secondary" markets
With this model, one can also price other kinds of assets. When there is no aggregate risk, another kind of asset that might be priced is a long-term riskless bond, i.e., a bond that pays one unit of consumption for sure in a future period n. Consider n = 2
for simplicity: what is the issue price of a two-period riskless bond? To the extent it is traded in the intermediate period, it must be (q * ) 2 , from the usual arbitrage arguments.
However, suppose that there are transactions costs, so that the two-period bond cannot be re-traded in the intermediate period: the "secondary" market is not operative.
Suppose, moreover, that the two-period bond has the same kind of maximally tight borrowing constraint as does the one-period bond: it cannot be issued by individuals (they cannot use it to borrow), but it can be held in positive amounts. Given a zero net supply, no one will hold the two-period bond in equilibrium, however, and equilibrium is still autarky, allowing us to price the assets as easily as before. The one-period riskless bond will, as before, be priced by the rich agent, so it will command the price q * . The two-period bond will also be priced by the rich agent, who is the only agent with the chance of a consumption drop between now and two periods from now. Thus, it will have a price q (2) satisfying
where π (2) hh ≡ π 2 hh + (1 − π hh )π h is the probability of transiting from h to h in two periods. Longer-period bonds subject to no re-trading can be priced similarly.
What will the term structure of interest rate look like in our incomplete-markets economy without secondary markets for bonds? We see that q
, so that the longer-period bond gives a higher return (the yield curve is upward-sloping), if and only if
Thus, we obtain a nontrivial yield curve. Inspecting the expression, if the endowment process has positive serial correlation (which is reasonable to assume), implying
hh , then given any given value of h σ > 1, the yield curve is upward-sloping if the process is not mean-reverting too quickly. Also note that for an iid process, we always obtain a positive slope on the yield curve.
The economy with aggregate uncertainty
In this section, we extend the basic model by incorporating aggregate uncertainty. Suppose that there are two aggregate states, Z ∈ {g, b}. There are two Arrow securities:
a state-z security, purchased at the price Q zz when the current state is z, delivers one unit of consumption good next period when the next period's aggregate state is z .
Note that the aggregate states are spanned by these securities, but that the market is still incomplete: idiosyncratic risks cannot be insured away.
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The introduction of this type of securities has two virtues. First, any asset whose returns depend only on the aggregate state can be priced uniquely by the prices of these securities. Second, we can introduce the borrowing constraint in a natural manner, since the holdings of these securities is directly linked to the total asset balance in the following period. 4 
Model
The consumer's problem is now to maximize
Here, a z is the amount of state-z security held by the consumer. Asset-market equilibrium requires the sum of net demands for a z to be zero for z = g, b. As in the previous section, in equilibrium nobody can borrow, so nobody can save, and therefore the equilibrium is autarky.
We assume, as before, that the endowment can only have two values:
hold. From these equations, it can be seen that a g-state Arrow security can be replicated by combining 
) units of bond. 4 As in the previous section, assets with net positive supply can easily be introduced by setting the borrowing constraints appropriately.
Let λ z sz be the Lagrange multiplier for the borrowing constraint for the state-z security when the current state is s and z. The first-order condition is
where c sz is consumption of the consumer whose individual state is s when the aggregate state is z.
The envelope conditions are
The prices of contingent claims
Recall that c sz = s in equilibrium. To determine Q zz , let us look at (6). For each (z, z ), there are two first-order conditions (for s = h and s = ). They can be rewritten
Using the logic employed in the previous section, we conclude that
holds. Therefore, λ z z > 0 and the borrowing constraint is binding for the consumers with s = . 
Again, we focus on the case where the asset prices are determined by the lower bound: 
The bond price
Now we investigate the properties of bonds and stock in this economy. The bond price at state z is
In this section, all the expectations E[·], variances V ar[·], and covariances Cov(·, ·)
are with respect to z , conditional on z. The (gross) return from the bond (that is,
Note that from the definition of m zz ,
This expression clarifies that, similarly to the previous section, the (average) level of π hh|zz is an important determinant of the bond price.
As a general proposition, in our environment prices are not a function of the process for aggregate consumption, as in representative-agent models. For example, as far as the cyclicality of the bond price, q z , in our model it depends on how E[π hh|zz ]
behaves. In contrast, in a complete-markets environment, where we can identify a "representative agent," q z is always pro-cyclical: denoting the total endowment is C z in state z, we would obtain 
We can construct the price of an n-period bond by combining the Arrow-securities and lower-horizon bonds from
recursively, with the known expression for q (1) above as starting condition.
To analyze the term structure, and focusing on the relation between a one-and a two-period bond, note that the net, per-period returns of these bonds are
for n = 1, 2. Clearly, we have r
z and an upward-sloping yield curve if and only if q
, that is, if and only if
or, using (14) for n = 2 on the left-hand side as well as (13) 
Applying this expression for z = g and z = b separately, the yield curve is upwardsloping in state z = g if and only if
whereas it is upward-sloping in state z = b if and only if
Thus, if q
b , so that the short-term bond price is pro-cyclical (the shortterm interest rate is counter-cyclical), the yield curve is upward-sloping in booms and downward-sloping in recessions. Alternatively, if q
(the short-term interest rate is pro-cyclical), the yield curve must be downward-sloping in booms and upwardsloping in recessions. Note that this result follows from simple manipulation of the prices of contingent claims, and thus it follows whether or not there are incomplete markets for idiosyncratic risks (as long as there are complete markets for aggregate risk).
However, when there is no idiosyncratic risk (or when this risk is fully insured), so that there is a representative agent, we also know that q
must hold given any mean-reverting process, so in a complete-markets model the yield curve must be upward-sloping in booms and downward-sloping in recessions. In this model, in contrast, we can obtain the reverse result, since q
is possible: as the last section showed, it is the expected growth in consumption of the rich agent that matters for bond pricing, and not expected aggregate consumption growth. Thus, if rich agents have higher expected consumption growth in booms than in recessions, the short-term interest rate will be pro-cyclical in this model, and the yield curve will slope upward in recessions and downward in booms.
The magnitude of the slope is also possible to examine: it depends on the relative magnitudes of Q zg and Q zb . These, in turn, depend on any possible (a)symmetry in We also note that there are individual endowment processes for which the yield curve is non-monotonic. Figure 5 illustrates. 
The equity risk premium
If there is an asset that provides Y g when the next-period aggregate state is good and Y b when the next-period aggregate state is bad, then its price is
The ex-post (gross) return is R zz ≡ Y z /P z . Therefore,
holds. This implies that m zz is the pricing kernel in this economy.
Define the risk premium as R
In the following, we analyze the risk premium in this economy using a method similar to that used in Krusell and Smith (1997) , thus exploiting the two-state nature of the endowment process for simple analytics.
From (11) 
The left-hand side is the Sharpe ratio, and the right-hand side is the market price of risk.
From the definition of m zz , the market price of risk can be calculated as
Note that From (9),
holds. Using this and (12), (18) can also be expressed as
3.3 Can the incomplete-markets model generate plausible asset prices?
In this section, we evaluate the asset prices in this model quantitatively. Clearly, our borrowing constraint is too tight compared to the reality-in reality, people do borrow and lend. The purpose of this section is thus to obtain a quantitative assessment of the "upper bound" that can be achieved with the incomplete-markets model. We will proceed by examine the extent to which we can "back out" features of the endowment process that generate plausible price characteristics, and then comment on whether the implied endowment process is quantitatively reasonable.
We now ask whether we can find a set of parameter values such that the model can reproduce the following requirements:
1. a low and stable risk-free rate;
2. a large and volatile risk premium; and 3. a Sharpe ratio as large as in the data.
To proceed, let us first simply target a low constant risk-free rate q z =q for both z;
setting the risk-free rate to be literally constant (as opposed to "stable") is merely a simplification and will not change the computations much. From (10), this requires
for each z. From (20) , requirements 1 and 3 impose a restriction on m zb − m zg :
where γ is defined to be the Sharpe ratio. From (21) and (22),
holds, and therefore φ zg and m zg must comove.
In the data, the Sharpe ratio for the U.S. stocks is typically estimated to be around 0.5 for annual data (Cochrane 2001, p.456) . From here on, let us impose γ = 0.5 and targetq = 0.99.
To consider the implication of restriction 2, let us calculate the risk premium.
Consider an asset with Y g = 1 and Y b = 0. The price of this asset is P g = Q gg and P b = Q bg . Thus, the expected risk premium is
From (24) and the fact that φ zg /Q zg = 1/m zg (from the definition of m zz ), m zg <q is necessary for a positive risk premium. Thus, we impose this from requirement 2. From (9), m zg ≥ β has to hold.
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We restrict attention to cases where β ≥ 0.9. Thus, by implication we limit our attention to cases where 0.99 > m zg ≥ 0.9. 
For π hh|zz to be less than one, m zz /β has to be larger than one.
What is striking in the figure is that φ zg must be quite large. This implies that, from both states g and b, the probability of moving to state g is high, thus implying that the business cycle is very asymmetric. Many economists have noted that the business cycle is, indeed, asymmetric-booms tend to be longer than recessions. In the NBER business-cycle dating, from 1854 to 2001, expansions on average last 38 months and contractions on average last 17 months. During the post-war era , this tendency is even stronger, with the average expansion duration at 57 months and the average contraction duration at 10 months.
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Turning to the quantitative implications for the endowment process, intuitively, to have a large Sharpe ratio, we need the high-endowment consumer to be sufficiently arguably a qualitative aspect of real-world data: unemployment is higher in recessions than in booms, and wage inequality is argued to be lower in booms than in recessions.
However, these differences do not add up to the magnitude required to match the asset-price data. In the simplest, and most typical, macroeconomic interpretation of the Huggett economy, the state h represents the employment state, whereas is the unemployment state. π hh|zz thus measures the persistence of employment and 1 − π hh|zz measures the separation probability, so π hh|zg − π hh|zb measures how much higher the separation probability is in recessions than in booms. Shimer 
Connections to some known results in the literature
Recently, Krueger and Lustig (2007) demonstrated that, in certain contexts, the equity premium in an incomplete-markets model is identical to that in the complete-markets model. This finding seems to be at odds with our earlier results-that market incompleteness can have a large effect on the risk premium. However, Krueger and Lustig's result applies in our economy as well, provided we make assumptions in line with the assumptions they make, and below, we demonstrate their irrelevance result in the context of our model. We have to somewhat modify our model to allow the Krueger-Lustig special case. We derive closed-form solutions for asset prices in our modified model, and we also slightly relax one of their assumptions. The assumptions needed for the irrelevance result, even in their slightly relaxed form, are, however, rather restrictive.
A different kind of result is obtained in Constantinides and Duffie (1996) . They show that given an aggregate consumption process and given specific preference parameters, it is (under a mild condition) possible to find an individual endowment process that is consistent with the aggregate endowment process and that matches any asset-pricing facts. Thus, in contrast to Krueger and Lustig's argument that incomplete-markets settings are incapable (under some conditions) of explaining asset prices, Constantinides and Duffie instead point to the model's capability of matching any asset prices. We comment on Constantinides and Duffie's results by providing a result to the same effect: the incomplete-markets model is quite capable in principle many asset-price characteristics. This result, however, is perhaps only interesting in terms of how our findings compare to the existing literature, since we argue above that the incomplete-markets model does not succeed quantitatively: the endowment process required to match prices is not realistic.
Krueger and Lustig (2007):
In order to accommodate Krueger and Lustig's assumptions, we will modify our model 
We let this ratio be denoted ξ > 1. This implies that hg / g = hb / b . To be consistent with the previous notation, we let
The second important assumption employed by Krueger and Lustig is that π ss |zz is independent of z and z (notice, already at this point, that the key requirement in our quantitative section, i.e., a large positive value of π hh|zg − π hh|zb , is ruled out). We denote this aggregate-state-independent probability π ss . This assumption implies that there exists a stationary distribution over individual states. The first assumption, in turn, then implies that z only affects the aggregate endowment: all endowments are scaled up and down as the economy experiences a boom and a recession. We normalize the aggregate endowment in z = b to 1, so that the aggregate endowment when z = g is ξ.
Below we consider such a stationary situation.
The consumer's first-order conditions for this economy implies
As for our baseline model, it is straightforward to show that the borrowing constraint is binding for s = consumers and that Q zz is determined by the first-order condition of the s = h consumers.
With our assumptions on the endowment, the Arrow-security prices therefore be-
Suppose that the current state is z = g. The (gross) bond return is
and the (gross) expected return of a risky asset which provides Y g when z = g and Y b
where P z is the price of this asset when the aggregate state is z. From these, the multiplicative risk premium (equity premium) can be calculated as
.
An important fact here is that θ cancels out. All the parameters that appear on the right-hand side are parameters determining aggregates.
When markets are complete in this economy, the representative agent consumes 1 when z = b and ξ when z = g. The Lucas asset pricing formula implies that
Note that these differ from the incomplete-markets security prices only by the constant factor θ. Considering z = g, the gross bond return is:
The gross return on the risky asset is
Therefore, the multiplicative risk premium is
, which is the same as in the incomplete-markets case. Therefore, we established that the risk premium is not affected by the market incompleteness, although the level of the risk-free rate is affected. The case of z = b can be established similarly.
What is important in this derivation is that θ cancels out when we calculate the risk premium. For this to occur, the value π hh + (1 − π hh )ω has to be common across different values of z . Incomplete markets matter for the risk premium in the KruegerLustig version of the model when, for example, π hh|zg is different from π hh|zb . This observation is closely related to our Proposition 2: π hh|zz is a key parameter for asset pricing in the incomplete-markets model.
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In the following, we relax the above assumptions. First, we relax the condition (25). When the π ss s are independent of z and z , we can derive a necessary and sufficient condition for the multiplicative equity premium to be the same across the complete-markets model and our incomplete-markets model. To be precise, first note that when the π ss s are independent of z, there is a stationary distribution over the individual states. In fact, assuming that the total population is one, the fraction of the consumers with state s (denoted χ s ) is completely pinned down by the π ss s. For
For a stationary state, the following result is attained.
Proposition 3 Suppose that π ss |zz is independent of z and z . Then, the multiplicative risk premium for any asset whose return depends only on the aggregate state in the stationary equilibrium is the same across the complete-markets model and our incomplete-markets model if and only if the condition
holds.
Proof: See Appendix. 2
Clearly, when the condition (25) is satisfied, (27) is automatically satisfied. The condition (27) highlights the possibility that the irrelevance result would hold outside
Krueger and Lustig's assumption: even when (25) is not satisfied, if the π ss s satisfy the condition (27), the irrelevance result still holds.
Second, we relax the independence assumptions on the transition probabilities.
When the π ss s are not independent of z and z , in general the distribution of the idiosyncratic states moves around over time. In this case, an irrelevance result is difficult to come by, since aggregate consumption is affected not only by the π ss s and s s but also by the fractions χ s , which move over time (note that the prices in the incomplete-markets model are not affected by the χ s s). For χ s to be constant (or just a function of z), we need some restrictions on the transition probabilities π ss |zz s. In particular, letting χ sz denote the fraction of type-s consumers in state z,
has to be satisfied for any z and z .
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When this condition is satisfied, a necessary and sufficient condition for the irrelevance becomes (by the same logic as above)
A notable feature of this condition is that it is possible to break the irrelevance result even when sg = sb (when sg = sb , (27) is automatically satisfied).
Constantinides and Duffie (1996):
Constantinides and Duffie (1996) proposed a model where, similarly to ours, the equilibrium outcome is autarky. They show that (with given preference parameters and aggregate endowment process), under some conditions, one can find a individual endowment process for a given process of strictly positive pricing kernels. Intuitively, autarky in the Constantinides and Duffie model obtains since the individual shocks are permanent: when individual shocks do not mean-revert, they cannot be insured against with assets that are contingent only on aggregate states. Our framework yields the following result, which is similar in its conclusion, though very different in its construction, since it relies on binding borrowing constraints and is valid for shocks that mean-revert (in fact recurring permanent shocks cannot be accommodated with the simple finite-state Markov chain we consider). In the following proposition, we allow h and to vary, and we find a result that is closer to Constantinides and Duffie's. 
Proposition 4 For any preference parameters and any given set of values for
where
The proof is omitted, since its steps are very similar to Proposition 1. Note that the smallest-endowment consumers ( = 1 ) are excluded from the max in (28), since, as in the previous case, they are always strictly borrowing-constrained. In this case, it may not be the case that the highest-endowment consumers' marginal rates of substitution determine q * . If M j is larger with a j = N , a consumer with the endowment level j is a "pricer" of the bond.
Comparative statics
As is shown in the previous analysis, when the endowment takes only two values, q * is decreasing in π hh . This result can be generalized to the following proposition. Clearly, the comparative statics with respect to β are similar to those of the two-value endowment case. The comparative statics with respect to σ, when u(c) = c
are not as straightforward (it is indeed straightforward if arg max i=1,...,N M i = N ).
However, it turns out nevertheless that q * is always increasing in σ.
The intuition is that, if a consumer with endowment i prices the bond, there are high weights (either because π is large or ( i / j ) is large) on the states where this consumer experiences large consumption drops, and an increase in σ further increases the weights on these events.
Who prices the bond?
As is stated above, it is not necessarily the case that the highest-endowment consumer determines the bond price. A sufficient condition for this to be guaranteed can, however, be stated. 
The economy with aggregate uncertainty
Similarly to Proposition 6, it is possible to extend the model with aggregate uncertainty to allow for N different values of ∈ { 1 , 2 , ..., N }, where 1 < 2 · · · < N . Again, the utility function can also be generalized to any increasing and strictly concave function u(c). In this case, the security price Q zz is, assuming again that it is determined by the lower bound, given by
Note that it is possible that Q zz can be based on the marginal rates of substitution of different consumers for different aggregate states (z, z ). Therefore, it is possible, for example, that q z = z Q zz is stable across different zs even though the individual values for z φ zz M i|zz are volatile.
To illustrate this point in more detail, let us consider the following example.
[ Here, when z = g, 1 and 2 switch with each other, and when z = b, 2 and 3 switch with each other. It can readily be verified that
and that
. Then, the bond price would satisfy q z = βκ and it is independent of z, while at the individual level
In this example, the individuals with 1 are always borrowing-constrained, 2 individuals are constrained only when z = b, and 3 individuals are constrained only when z = g. Here, all the individuals are strictly borrowing-constrained at some point in time, while the risk-free rate is stable over time.
Conclusion
In this paper, we analyzed a variant of the Huggett (1993) gain an understanding of the importance of the persistence of the individual endowment process for the price of the riskless bond (or for the market price of risk); in Constantinides and Duffie (1996) , who also manage to obtain analytical characterization of asset prices in a similar market setting, endowment shocks are all permanent.
We also derive a result similar to theirs, of the sort "give me any asset prices and I will find an endowment process in this economy generating those prices". Such a result, of course, has to be subjected to quantititive scrutiny, and we indeed argue that in order to generate realistic-looking asset prices, the endowment process will need to have unrealistic features. Another example of how we use our analytical characterization is that where we show how prices are influenced by the dependence of individual transi-tion probabilities (and hence risk) on the aggregate state. Here, we draw a connection to the work by Krueger and Lustig (2007) by derive their main result (under slightly more general assumptions) as a special case.
Most of our results are derived in a very simple setting: there are only two endowment states (say, employment and unemployment), subject to a stationary Markov chain, and these states are the same independently of the aggregate state. We also consider simple extensions of this case, the case of having N shock values being particularly interesting, but do not attempt a broad generalization. Generalizations are possible, however, and should be straightforward. We could also consider the case where individual shocks are permanent (as in Constantinides and Duffie's work) and where the support of the shocks is more complex and aggregate-state dependent. Since our equilibrium construction-indeed the main "trick" of the paper-is to set the borrowing constraints on all assets so tightly as to (just) induce autarky as an equilibrium, it is a much more ambitious extension to consider production and, in particular, a means of physically saving/investing. In the latter case, however, similar equilibrium constructions are sometimes possible, as in Krusell and Smith (1997) and Leduc (2002) , where a model with only capital is first solved-in a nontrivial manner, involving numerically computed solutions-and where other assets, such as bonds, with maximally strict borrowing constraints are then priced along the same lines as in this paper.
which is equivalent to (27). Note that (27) does not depend on z (all the terms that depend on z cancel out). 
Proof of Proposition 5:
The first-order conditions (7) and (8) 
where a prime ( ) represents a time-(t + 1) value. Now consider the individual income
where χ s is the fraction of the consumers with endowment s and α ∈ (0, 1). First, note that this is consistent with the definition of the aggregate endowment:
Second, note that χ = 1 − χ h . Third, for a given χ h , we can find an α small enough that h > . This implies that
Fourth, we set π h|zz so that χ h is constant over time. This implies that
Therefore,
Note that we have to ensure that π h|zz ∈ [0, 1]. First, π h|zz ≥ 0 is always guaranteed.
Second, π h|zz ≤ 1 is achieved (for a given set of π hh|zz s) by selecting a χ h small enough.
Inserting the income levels (33) and (34) 
Therefore, λ z z > 0 and the low-endowment consumers are always borrowing constrained. This means that the high-endowment consumers' marginal rates of substitution determine the pricing kernel. The pricing kernel m zz is
Clearly, for any m zz ≥ β(C t+1 /C t )
−σ
, we can select a π hh|zz (and a small enough α and χ h ) so that the right-hand side of (36) matches the given m zz . 2 
Proof of Proposition

2
Proof of Proposition 9: Equation (29) implies that for any i = 2, ..., N − 1,
To see why this holds, note that the left-hand side can be rewritten as The following can be verified by comparing term by term:
From this and (37), we obtain
for any i, which is the desired inequality. 2
